Darcy flow is a steady-state model for laminar flow of a fluid through a porous medium. The present work proposes an extended model of laminar Darcy flow by introducing dynamic pressure and velocity to the classical formulation. The solution of the proposed time-space model is attained by discretizing the problem with a stabilized mixed Galerkin method in space and a forward Euler method in time. The resulting matrix equation is well-posed and is solved using the conjugate gradient (CG) method. The error analysis of the numerical solutions confirms convergence to the actual model. 
INTRODUCTION
Darcy flow is a mathematical model for steady-state laminar (Reynolds number ≤ 1) flow of a fluid through a porous medium [1] . For given properties of the fluid and the porous medium, the Darcy model postulates a direct relationship between the fluid flux (or the velocity) and the pressure gradient. The model has been applied to a number of simulations, such as groundwater flow, flow of petroleum in reservoirs and underground solute transport [2] [3] [4] [5] [6] . The classical Darcy flow model assumes constant velocity at a given point in space with respect to time. In many applications, the velocity varies with time at a given spatial point due to some structural and environmental changes [7] [8] [9] , for example, pressure drawdown in radial flow of petroleum at the vicinity of production well, transient flow in the horizontal well through the fractured formation of shale reservoir, saturated flow of groundwater in aquifer and plasma filtration through arterial walls embedded in vascular tissues exhibiting transient flow [10] [11] [12] . To capture this transient behavior, the original Darcy model needs to be extended to incorporate time dependency of the flow.
Recently, a stable scheme for a transient flow of a non-Newtonian fluid saturating a porous medium was examined using the Darcy-Brinkman-Forchheimer model [13] . The simultaneous approximation of the velocity and the thermal boundary layers are obtained using explicit finite difference scheme at each time step until reaching steady state solution. In a study, an inverse method based on local approximate solutions (LAS) is proposed to invert transient flows in heterogeneous aquifers. The stabilized inverse solution includes parameters (hydraulic conductivities and specific storage coefficients) and unknown initial and boundary conditions of the fluid flow [14] . Silva et al. [2011] proposed a stabilized solution of three-dimensional simulation of compressible viscoelastic flows with moving free surfaces [15] . The flow equations were derived from Navier-Stokes incompressible equations and solved using space-time discontinuous Galerkin finite element method. Flows and transfers in natural discrete fracture networks (DFNs) have also gained attention recently. The modeling of three-dimensional transient pressure diffusion in fracture network is also studied using quasi-steady-state method [9] . An analytical solution of transient flow in porous media is determined using Laplace transform followed by analytic element method (AEM) [16] . The Laplace transform is first applied to the original problem resulting in time-independent Helmholtz equation which is solved by AEM and the solution is inverted numerically back into the time domain. Jia et al. [2010] proposed a characteristic stabilized finite element method for transient Navier-Stokes equation employing lowest equal-order conforming finite element subspace [17] . In another study, an integral method for analyzing transient fluid flow through a porous medium with pressure-dependent permeability is investigated [18] . One-dimensional approximate analytical solutions have been obtained for linear and radial flow by an integral-solution technique. In this work, the transient Darcy flow is assumed laminar (non-turbulent) which results in a system of linear algebraic equations following finite element discretization.
The governing partial differential equations (PDEs) of Darcy flow involve unknown pressure and velocity of the fluid. The mixed finite element methods have been successfully used to solve such PDEs of multiple variables [19] . The mixed finite element methods (MFEMs) represent a classical saddle-point optimization problem that results in spurious solution and oscillations in the approximations. Therefore, the stability of the mixed finite element solutions is of prime importance. The instability in the numerical solutions also arises in convection-dominated fluid flows. Stabilized MFEMs have addressed the instability of the solutions by adding perturbation terms to mathematical formulation [20, 21] . Some of the wellknown stabilization techniques include Streamline-Upwind/Petrov-Galerkin, Galerkin/Least-Squares and Pressure-Stabilizing/Petrov-Galerkin [22] [23] [24] . Tezduyar et al. proposed a modified Galerkin/least-squares formulation using bilinear and linear equal-order interpolation velocity-pressure elements for the computation of steady and unsteady incompressible flows [21] . A variational multiscale approach is adopted using an arbitrary Lagrangian-Eulerian (ALE) formulation for incompressible flows with stable stratification. Such formulation is suitable for applications involving moving boundaries, such as fluid-structure interaction (FSI) [25] [26] [27] [28] . Masud et al. (2002) proposed another stabilized mixed formulation by adding a self-adjoint residual form of Darcy's law to the mixed formulation [29] . This stabilized mixed formulation significantly simplifies the problem of incompatibility between solutions and allows the use of standard finite element spaces [30] [31] [32] .
The objective of this study is to develop a transient Darcy flow model based on stabilized mixed Galerkin method proposed by Masud et al. [2002] . The transient Darcy flow, an initial boundary value problem, is identical to heat conduction problem described by a diffusion equation [33] . Based on the heat diffusion model, a stabilized mixed transient Darcy model which consists of a time-dependent damping term in addition to the stiffness matrix is derived. The mixed formulation is discretized in space and time simultaneously using the Galerkin method and the forward difference method, respectively. The proposed transient model is asymptotically stable due to the following factors: (i) symmetric positive definite stiffness matrix resulting from the stabilized Galerkin method [29] , and (ii) negative gradient of the vector of unknown coefficients with respect to time in damping term [34] . The emerging system of linear equations is well-posed and is subsequently solved by the CG method for unknown pressure and velocity of the fluid. The numerical results of the transient model is validated by an analytical model proposed by Mongan [35] . The partial results of the stabilized mixed Galerkin transient method of sequential and parallel implementations have been published in [36, 37] .
The rest of the paper is outlined as follows: Section 2 describes the formulation of the stabilized mixed Galerkin method for transient Darcy flow. Section 3 provides the numerical results for convergence rate and transient effect in Darcy flow approximations. Section 4 contains a brief discussion of the results, and Section 5 concludes the paper with some future enhancements.
STABILIZED MIXED GALERKIN FORMULATION FOR TRANSIENT DARCY FLOW
Let ∈ R 2 be the porous medium with sufficiently smooth boundary and T > 0 be the time. Let κ be the permeability of the medium and µ be the viscosity of the fluid flowing through . A schematic diagram of the porous fluid flow is shown in Fig. 1 . For laminar flow, the Reynolds number of the fluid is assumed to be ≤ 1.0. If v is the average velocity of the fluid and ∇p is the pressure gradient, then the transient Darcy flow is given by the following PDEs [33] :
Equation (1) is the fundamental Darcy's law (also known as momentum equation) and Eq. (2) represents the mass balance equation with a source/sink ϕ. The parameter S is the storativity of the fluid defined as the product of porosity and compressibility of the fluid and the medium [38] . It is assumed that κ, µ and S are strictly positive functions and the negative sign is used to counter the negative gradient of the pressure. Equation (3) assigns the normal component of the velocity a nonzero function ψ. The given functions of fluid flow, ϕ and ψ must be constrained so that ϕd = ψd for steady-state is satisfied. Equations (1-3) describe an IBVP with the following initial and boundary conditions:
Let the solution spaces be V ∈ H (div, ) and P ∈ H 1 ( ) for velocity and pressure, respectively. Mathematically, these solution spaces are defined as
and
The mixed variational formulation of the governing equations can be realized using weighted residual method w,
In the above equation, (·, ·) denotes the L 2 ( ) inner product. Applying integration by parts on the second term in Eq. (6) gives w,
The discrete solution spaces can be approximated by finite dimensional subspaces V h ∈ V and P h ∈ P as
The discrete weak formulation for v h ∈ V h and p h ∈ P h is written as
The above equation is an example of a saddle-point problem. To ensure stability, a self-adjoint residual form of Darcy's law is added to Eq. (10) [29] 
The parameter α is an arbitrary constant and h is the length of the smallest edge in an element. The discrete approximation of the solution in finite-dimensional subspaces using Galerkin method is defined as
where N is the number of nodes in an element, and a and b are the unknown coefficient vectors for the basis (interpolation) functions N i of the finite subspaces. Substituting (12) and (13) in Eq. (11) results in a matrix equation of the following form:
where C e is a capacity matrix,u i is the time derivative of unknown vector at the ith node, K e is the stiffness matrix, and f e is the source vector that includes Dirichlet and Neumann boundary conditions as well.
For temporal discretization of (14) the forward Euler formula is used. In this method, the time derivative of unknown vectoru i is computed iteratively by using the first-order forward difference. According to this formula, the valueu i at time n + 1 is evaluated aṡ
where t is the uniform discrete time step required for numerical time integration. Substituting (15) in (14) gives an iterative solution as follows:
Restructuring Eq. (28) for unknown vector u at time n + 1 can be explicitly computed as
The solution of the above equation includes a short-lived transition period between two steady states for the Darcy flow in response to certain structural and/or environmental changes. The system of linear algebraic equations in (17) is numerically solved using the CG method.
NUMERICAL RESULTS
In the simulation study, quadrilateral and triangular linear elements are used. The convergence study includes quadrilateral meshes of 64, 400, 1600 and 1000 elements and triangular meshes of 400, 10000 and 40000 elements. The samples of quadrilateral and triangular meshes are shown in Figs. 2a and 2b , respectively. The medium to be discretized is assumed to be isotropic and homogeneous with constant permeability κ as a function spatial coordinates. The fluid is considered as incompressible with constant viscosity µ that does not depend on pressure variations. The flow is considered as laminar (non-turbulent, i.e., R ≤ 1), where the inertial flow is negligible as compared to viscous flow. The contribution of gravity to the flow is assumed to be zero. The boundary conditions for the current study are assumed to be zero for the Darcy pressure. The numerical integration involved with stiffness and damping matrices is computed by applying 2 × 2 Gauss quadrature rule for quadrilaterals and 4-point quadrature rule for triangles [39] . In the numerical approximations, three degrees of freedom -Darcy pressure and x-and y-components of the Darcy velocity -are evaluated at each node. Finally, for the solution of system of linear equations, the CG method is employed. For a well-posed system, the CG method converges to exact solution in O(n) steps, where n is the number of equations [40] . Table 1 shows the list of parameters used in the study for approximation and analytical solutions.
Convergence Study
For three degrees of freedom (i.e., the pressure and the two components of velocity), the stiffness matrix in (14) is symmetric and positive definite due to the stability term in the mixed formulation. The damping matrix is symmetric and may be indefinite. The transient system in (14) is asymptotically stable if the following condition is met [34] :
Thus the system of linear equations resulting from the Finite Element Modeling (FEM) discretization is well posed with no spurious and oscillatory solution [20, 29, 36, 37] . This validates that the stabilized mixed Galerkin algorithm is sound and complete. The ratio of the permeability κ of the medium and the fluid viscosity µ is taken as 1.0 and the mesh-dependent factor h is set to the length of the edge in quadrilateral elements and the smallest edge in triangular elements as benchmark values [29] . The exact pressure and velocity are defined as follows:
The approximate pressure and velocity are plotted in Fig. 3 for a mesh of 1600 quadrilateral elements. The numerical solution of the PDEs using MFEM introduces computational errors. Such errors are typical in numerical methods and generally occur due to the discretization of the domain, numerical computations and approximations of PDEs by low-order polynomials. The errors can be minimized by increasing the number of elements and order of shape functions. The convergence rate of the numeric solutions is determined using L 2 norm error for the pressure and the velocity and H 1 norm error for the pressure. The computations of L 2 and H 1 error norms for N number of elements are carried out using the following formulas:
Figures 4 and 5 show the convergence rate of the approximate solution for quadrilateral and triangular elements. It can be inferred from the convergence study that the numerical error decreases with an increase in the number of elements and the approximated values converge to the exact values.
Transient Study
The transient analysis is carried out on the underground water flowing through sand. The density ρ of water at 20
• C is about 0.998 gm/cm 3 and its dynamic viscosity µ is 1.0 poise. The permeability κ of the medium is taken as 1.0 cm/s, and the storativity S for the given porous region using 7000 capillary tubes is expected to be 0.6. The transient effect is studied for 10 time constants with time interval of approximately 1.7 msec [35] . The initial velocity at t = 0 is assumed to be zero, that is, the flow starts from rest. The numerical transient solutions are validated using quadrilateral elements of mesh size of 400 and triangular elements of mesh size of 800. The velocity starts increasing and continues to exhibit dynamic behavior until it reaches a new steady-state condition. For the stabilized solution, the transient velocity is plotted in Fig. 6 for quadrilateral and triangular meshes. In the transient plots, the validation of the transient velocity is achieved using Mongan's model [35] . The empirical formula for transient velocity is given as where a is the radius of the cylindrical tubes, G 1 is the pressure gradient step and T c1 is the time constant defined as follows:
where ρ is the density and µ is the dynamic viscosity of the water. The parameter α 1 is the first root of the Bessel function that is equal to 2.405 and the value of a is set to 0.01 cm [35] . For the validation process, 7000 capillary tubes are used in a region of 2 cm 2 , i.e., a porosity of 0.6.
Statistical Error Analysis
The approximation model for transient Darcy flow is computed iteratively in time steps such that the error (or residual) ε(t) between the actual model and the approximation model is minimized. For a reliable approximation, the residual should be reduced to a zero-mean white random noise η(t) as [41] 
Based on Eq. (25), the accuracy of the proposed approximation model is assessed using a statistical approach. In this approach, the autocorrelation of the residual between the actual solution and the solution from the approximation is computed. Since pure white noise is an uncorrelated function of time, its autocorrelation function has a maximum value at zero lag (or time shift) which dies down for increasing lags. Mathematically, the autocorrelation φ εε is the expected (or mean) value E of the product of the residual and the residual delayed by τ and is estimated as follows: Figure 7 presents the autocorrelation of the residual plotted as a function of lags. The autocorrelation approaches zero with increasing lags and confines itself within the confidence bounds denoted by dotted lines. Figure 3 shows the approximations for the pressure and the two velocity components with negligible error. The approximation errors can be further minimized by increasing the mesh size or the order of the shape functions. Figures 4 and 5 shows L 2 and H 1 error norms as the function of mesh size for quadrilateral and triangular elements, respectively. The error performance is almost the same in the two mesh types. It is worth noting that the boundary of the domain is quite regular, and hence, the meshing is quite uniform in both triangular and quadrilateral element types (see Fig. 2 ). For irregular boundary shapes, the results for the two element types may have been more distinctive as the triangular elements are known to work well in complex geometry. The stability of the MFEM solutions deteriorates when the size of the mesh becomes too small in the case of mesh refinement. In the present work, the mesh is fixed, and therefore, there is no significant effect of mesh size on the simulation results.
DISCUSSION
In transient study, the Darcy velocity exhibits a dynamic behavior in response to a change in pressure. Figure 6 shows the transient Darcy effect in the numerical solution obtained for quadrilateral and triangular meshes. As shown in this figure, the velocity of the fluid approaches an asymptotic value of 3.14 cm/s in approximately 5.0 msec. The numerical solution is computed iteratively in 10 time steps with an interval of 1.7 msec. The dynamic Darcy model is validated with an analytical model proposed by Mongan [35] . The validation confirms that the results obtained for the quadrilateral and triangular elements are similar. In addition, there is negligible influence of mesh type on the numerical approximations when the mesh is fixed (i.e., not refined). The study shows that the numerical error between the approximate model and the actual model decreases in the subsequent iterations. This is captured by computing the autocorrelation function of the residual noise as shown in Fig. 7 . The autocorrelation function indicates that the error approaches an uncorrelated white noise bounded by confidence limits. This result suggests that the proposed model is highly accurate and reliable for practical purposes.
CONCLUSION
A stabilized mixed Galerkin method for two-dimensional laminar transient Darcy flow is presented. The purpose of this study is to address the inadequacy of steady-state Darcy model in dynamic porous flow applications and devise an extended model to incorporate the transient behavior. The resulting system of linear equations from transient Darcy model is well posed and stable with no oscillations and spurious behavior in the approximate solutions. For meshes of different sizes and types, the convergence study shows that the stabilized mixed finite element methods are very promising in solving IBVPs with acceptable error margins. The L 2 and H 1 error norms suggest that the steady-state solution converges to analytical solution with increasing mesh size. The numerical errors are also insensitive to mesh type and size. Previous study has shown that, for very small mesh sizes, the results deviate from exact solutions. The proposed transient model of the Darcy flow is validated by an analytical model proposed by Mongan [35] . The model shows transition in the flow of a fluid through a porous medium in response to a change in pressure gradient. This transient response in the Darcy flow is very crucial for accurate simulations in petroleum industry and solute transport. The statistical analysis of the dynamic Darcy model is carried out by computing the autocorrelation of the residual noise. The autocorrelation function confirms that the residual is an uncorrelated zero-mean white noise sequence implying that the proposed FEM approach yields high fidelity models. This work thus demonstrates both static and dynamic approaches for successful modeling of the Darcy flow.
